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Summary. Rules for selection that maximize the ex-
pected merit of selected candidates are discussed.
When the proportion selected is constant, selection
based on conditional means of merit given the observa-
tions is optimum in the above sense, regardless of the
distribution. This does not hold if the proportion se-
lected is random. When the expected value of the
observations is a linear function of a set of unknown
parameters, selection can be based on a vector of “cor-
rected” records, w. It is shown that under normality,
the conditional mean of merit given w is the best linear
unbiased predictor (BLUP), provided that the expect-
ed value of the merit function is the same in all candi-
dates. A Bayesian argument is given to justify the use
of BLUP as a selection rule when the expected merit
differs from candidate to candidate.

Key words: Optimum rules for selection — BLUP (best
linear unbiased predictor)

Introduction

Evaluation of candidates for selective breeding is re-
quired in animal and plant improvement programs.
However, the variable to be improved, e.g., breeding
value, cannot be observed or measured directly. Thus,
the evaluation must be based on measurements which
are observable and statistically related to breeding
value.

Rules for ranking candidates for selection have been dis-
cussed by Cochran (1951); Henderson (1963, 1973, 1975, 1977,
1984); Bulmer (1980) and Portnoy (1982). Cochran (1951)
considered the case where each candidate had a set of mea-
surements (y;) correlated with its unobservable breeding value
(T;). Assuming that (T;, y;) are identically and independently
distributed, he showed that selection of candidates with the

largest E (T;|y;), maximizes the expected value of the T;’s
in the selected individuals in the class of rules that select the
same expected proportion of candidates. Bulmer (1980)
showed that selection based on E (T; | y;) also maximizes the
mean of the selected candidates when a fixed number of
individuals is to be kept. Although Bulmer (1980) assumed
that each condidate had the same amount of information, this
author stated that the above result would also hold with
unequal information or when the proportion selected varies
about a fixed expected value.

The vector E (T |y) often cannot be calculated because
necessary parameters such as E(y), where y is a vector in-
cluding all records, are not known. For the case where E (y) is
unknown but the variance-covariance structure is known,
Bulmer (1980) suggested to base selection on E (T | w), where

w=y-X§,

and X f is the best linear unbiased estimator of E (y). Goffinet
(1983) showed that selection upon E (T |w) maximizes the
mean of a fixed number of selected individuals in the class of
translation invariant functions. The objective of this paper is
to further examine properties of conditional means as rules for
selection.

Selection based on conditional means

Consider a random process generating an mx1 un-
observable vector T and an nx 1 observable vector y. In
animal breeding, T may represent breeding values of
animals for some trait, or functions of breeding values
for several traits; the vector y typically contains pheno-
typic measurements taken on the animals to be evalu-
ated or on their relatives.

Selection of a fixed number of candidates

The objective is to select k < m members of T, T,,
..., Ty with a rule based on y such that
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is maximum, where S (y) is the set of k indices of the
selected T;’s given y. Selecting the k candidates with
the largest

T,=E(T:ly)

meets the above requirement (Goffinet 1983). In order
to show this, let

1
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and write
E[Tsyl =Ey {E[Ts | Y]} (3)
Now, for each y
1 .
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is maximized by defining S (y) as the set of k indices of
the largest T;’s. Therefore, (3) is maximum when for
each realization of y, (4) is also maximum. This is
accomplished when those candidates with the largest
E (T;|y) are selected. Note that the above proof does
not require independence of candidates, equality of
information or linearity of the conditional mean. Thus,
when the number of individuals to be selected is fixed,
selection upon the conditional mean is optimum re-
gardless of the form of the joint distribution of T
and y.

Truncation selection

The scheme considered by Cochran (1951), is one of
truncation selection. Here, the proportion of candidates
selected 1s not constant across realizations of the
random process, but a truncation point corresponding
to a given expected proportion of selected candidates
can be chosen. Bulmer (1980, 1982) asserted that selec-
tion based on E (T | y) would be optimal in the sense of
(1) under a truncation selection scheme. However, this
is not so as demonstrated by the following hypo-
thetical example.

Let y be a discrete random vector taking one of two
mutually exclusive and exhaustive states, with P (y=y;)
= P (y=1y,) =0.5. Further, let the joint distribution of
T (a 3x1 vector) and y be such that

25 10
E(T|lyy=| 10|, E(T|y=| 9.99
10 9.99

Suppose now that truncation selection is practiced on
E (T; | y) such that the proportion selected is on average
2/3. Then, the truncation point is 10 units and the
expected value of the selected T’s is

E (Ts)=1/3[E(T; | y) + E(Tz2[ y1) + E(T3[ y1)]
P(y=y)+E(T|y) Ply=y)=125.
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Now, if individual 1 is selected when y=1y,, and indi-
viduals 1, 2 and 3 are selected when y=Yy,, the pro-
portion selected is on the average 2/3, and

E(T)=E(T,|y) P(y=y))
+1/3[E(T; | y2) + E(T;| y2) + E(T3 ] y2)]
‘P(y =y)=17.50.

Clearly, truncation selection upon conditional means
does not always maximize the expected merit of the
selected individuals when the proportion selected is not
constant. In fact, Cochran’s (1951) result on the opti-
mality of truncation selection based on conditional
means depends on certain restrictions on distributional
assumptions, i.e., the joint distribution of T; and y;
must be the same in all candidates (Henderson 1973,
1977).

Bulmer (1980) stated that selection based on the
conditional means would be more “efficient” in a
truncation scheme than when a fixed number of candi-
dates is selected. This would be so because more candi-
dates could be selected, e.g., in “good” years than in
“bad” years. The following example illustrates that this
1s not always true. As before, let y be a discrete vector
with P(y=1y,) = P (y=1y;) = 0.5. Also, take

15 10
E(T|y)={ 15| and E(T|y)=| 9.99
10 9

If, on average, a proportion equal to 2/3 is to be select-
ed, the truncation point must be 10. Hence, individuals
1, 2 and 3 would be selected when y=1y,, but only 1
would be kept when y =y,. The expected value of the
merit of the candidates selected under truncation selec-
tion is:
3
E(Ts)= 3 [E(T;[y)/3]- P (y=y) + E (T, |y

i=1
-P(y=y,)=11.67.

If the proportion selected is fixed at 2/3, | and 2 would
always be selected and
E(Ts)=1/2[E(T,|y) + E(T2|y)]-P(y=y1)
+172[E(T, |y) +E(T2 | ¥)]- P(y=y)
=12.50.

The above shows that the mean of the selected candi-
dates can be larger when a fixed proportion is selected
than under truncation selection.

Selection with first moments unknown

Use of the conditional mean as a selection rule requires
knowledge of the conditional distribution of T given y.
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For example, under multivariate normality, E (T), E (y)
and the variance-covariance matrix of T and y are
required in order to calculate E (T|y). In animal
breeding applications (Henderson 1973, 1975), there
are situations in which the needed variances and co-
variances are known, but the first moments are un-
known. Suppose

E(y)=X8, )

where, without loss of generality, X has full-column
rank r. Following Bulmer (1982), calculate

w=y-Xf (6)

where f=(X’V!'X)"'X’V-ly is the best linear un-
biased estimator of B, and V= var (y). Under multi-
variate normality, the distribution of w no longer
depends on §, so candidates could be ranked according
to the magnitude of

E(T|w) (7

which, in the sense used in the preceding section, is
optimal among rules based on w. The vector of “cor-
rected” observations in (6) can be written as

w=Py. (8)

Where P=[I- X(X'V'X)"!X’V-'] is an nxn matrix
of rank n—r. Goffinet (1983) stated that P retains “the
most information”, and that (7) is optimal in the class
of translation invariant rules. However, this result is
useful only when E (T | w) does not depend on .

It is shown below that the conditional mean of T
given any other set of n—r linearly independent trans-
lation invariant linear functions of the data is identical
to (7). Consider a matrix P* such that

P*X=0 (9a)
and
rank (P*)=n—r. (9b)

This implies that the rows of P* span the null space
of X. Therefore, the rows of any two matrices, say P¥
and P¥, satisfying (9a) and (9b), are linear combina-
tions of the rows of the other. Thus, the elements of
wi=Pfy can be written as linear combinations of
wy = P}y, and vice versa. Therefore, E (T | P*y) is in-
variant to the choice of P*. Because P of (8) satisfies
(9a) and (9b)

E(T [w)=E(T|w% (10)

for wk = P*y,

Multivariate normality

In many applications, the joint distribution of T and w
of (6) can be approximated reasonably by a multi-

variate normal distribution. Clearly, E (w)=0, and
let E(T)=0, Cov(T,w)= C’ and Var (w)=W. With
W nonsingular, the best rule would be to select candi-
dates corresponding to the largest elements of

T=E(T|w=CW'lw,
However, when w is calculated as in (6) or (8), the

matrix W is singular. In this situation, Gianola and
Goffinet (1982) suggested that

T*=CW-w (11)

may be used to rank candidates, where W™ is a gen-
eralized inverse of W. They showed that this leads to
the best linear unbiased predictor (BLUP) of T (Hen-
derson 1973). Further, when T and w have a singular
multivariate normal distribution, then

T*=E(T|w). (12)
This can be demonstrated by writing

T=CW w+((T-CWw) (13)
)

E(T|wW=ECW wlw+E[(T-CW w)|w]
=T*+E[(T-CWw)|w].

Therefore, for (12) to be true, it suffices to show that

E[(T— C'W~w) | w]=0. A sufficient condition for this

to hold is

Cov[(T-CW w),w|=C-CW W]=0,

or, equivalently, because W is symmetric, C=

W (W~) C. Now, C can be written as C=WL (Rao

1973; Fernando 1984), so,

WWYC=W(WYWL=C

because W (W~) W =W, This result is invariant to the

generalized inverse used. Therefore, (12) is true.
Because E (T | w) = E (T | w*)

E(T|w*)=BLUP(T). (15)
For example, if
w=[1-X(X'X)" Xy,

which implies that y is “corrected for the fixed effects
by ordinary least squares, then

E{(T|[I-X(X X)Xy} =BLUP(T).

Discussion

Selection based on E (T | y) has the appealing property
of maximizing the mean of the selected candidates
when a fixed number of individuals is to be selected.
However, ordering candidates with E (T |y) does not,
in general, maximize the probability of correctly
ordering elements of T (Portnoy 1982). For example,



consider the discrete unobservable random variables
T, and T, with Prob(T,=-1,T,=0)=0.9, and
Prob (T; =100, T,= 1) =0.1. If we want to select one
of the two elements such that the expected value of the
selected one is maximum, we would select T; because
E (T))=9.1 and E (T;) = 0.1. However,

Prob (T} < T;) = 0.9 > Prob (T, < T}) =0.1.

The linear transformation w in (8) also arises in re-
stricted maximum likelihood estimation (REML) of vari-
ance components (Patterson and Thompson 1971; Searle
1979), where inferences on these parameters are based on
the likelihood of w under normality. Harville (1977) point-
ed out that the likelihood functions of linear trans-
formations in the class of w differ only by an additive
constant. Thus, inferences on variances are invariant to
the linear transformation used. Similarly, it can be
shown, under normality, that the joint distributions of
T and of linear transformations w differ only by a con-
stant. Hence, inferences based on the joint (or condi-
tional) distribution of T and w are invariant to the
particular linear transformation used.

Suppose T=K’f + M’u is a linear merit function.
Under multivariate normality, and using a Bayesian
argument with a flat prior for g,

E(T!y)=BLUP(T)=K'B+M'E (u| w)

where f is the best linear unbiased estimator of
(Dempfle 1977, Gianola and Fernando 1986). This
justifies the use of BLUP even when the elements of
E(T) are unknown.

Another complication arises when variances and
covariances are unknown. Gianola and Fernando
(1986) suggested that given certain conditions, e.g., a
“peaked” likelihood for the unknown variances and
covariances, using REML estimates in place of the true
values would give a reasonable approximation to
E(T|y) under normality. In general, however, the
problem of finding an optimum rule for selection,
when E(T), C and V are unknown remains to be
solved.
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